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ABSTRACT

~~~~~~~~~ ~or f&,rnula tr.’nslatitr; is used routinely in numerical
‘ n.L~~iOn . i~ o~~~~r h~tnJ , a l t ?~~ugh software for differentiation of

easy ‘.o ~‘~~ni  uct ~ind wi~tely availabit:, many numerical analysts
be ~n t ~ a r .  ! it ’ ;  cx ;~~ ‘ n .  and potential for numerical -JmFutation.

A S ~rn; h’ ~r~x .~dur ’ r r r n~l .t r ans l .~t ion and di! ft ~r e n ti . tt  ion w i l l  be described ,
dn~i ~~~~ s i g n u f t  . t ! ~~ tj~~li cat ion s  w i l l  b~ ind icated . In ordinary computation ,

~~ 1 .  ~
. s l:i t i~’n of i J iry and l a r t i u l  d i f f e r e n t i a l  equations by series

:ri.’t ~~~~~~~~~ (Tay l ~ a n i  L1t •~~ri.’s , ~ :r exam i l& , so lu t ion  of nonlinear  systems of
e ’j uat 1~ )11s by ~;.‘~.‘on ’ s metL~~ and i ts  v a r i a n ts , and nonl inear  ol t i mi z a ti o n

-o ns t  r a t n ~’J and n s t r a i n .~ fl . T~~; . t  her w i t h  in te rva l  a n a l y s i s , d i f f e r e n t i a -
t ion in F.’ ‘n;. I t o  I~” ~‘rmi rw  j ’r o t c r t i t o ;  of unc tions  and bus automate the
a~~~l i it icr .  ot ,‘rt.iin .~~r . ’ rr.~. , ,;u T ~~ ones or “xi  ‘;tenc ’ of f ix e d  po in ts

ii~~e g i ~~ini1 ~~o r t ’ or ~. or solut ions  of n o n l in e a r  svst  r is of e q u a t i o n s .
An. ’h. ’r l.i r ~

. i~~ld o~ a pp l i c a t i o n  of d i f f e r e n ti a . ion is to automat ic  error
.tn~t l y s  is , e i • 

~ .
. r ‘ ; .  i n~ t h e  graph st ruc~ u r ”  of the computat ion ,  or interval

i rn i lys~~~. Ar.  ‘x a r~~l ’  is i~ ven of : oqr am for numer ica l  i n t e g r a t i o n  i n  which
l n oinat .ic d~~f f , : . r . t i i t i o n and i n ? t ’ r v a l  a n a l ys i s  are jml~~r .’d ~o provide a

Lri ’r i  ar. 1 a :• ‘;t “ n i  . ‘rr or  bour. Is for the r e s u l t s .

‘\‘~~. t ’~D S )  . i~~. i e ’  Cl,u ;si f i : a t  ions : ~ -r ~ O , ~ ~~~~~~~~ ~ SGl ~ , 6’~i~l O ,  ~ I~l O ,  E 5L05,
, ( 

~— ) 4  , HCC E’ ,

Key Woi~~ ; :  A ; ’ r ~ t ~~
. I~ I f ” r e n  z a t i ~~ r-i , Taylor :-efficient generation , Error

ima i ‘ r . . D i f f e r ” n ~ ~al  i-’ ;ua i ons ,  Nonlinear systems, oF t inization ,
Numer ica l  i n t e~:r a t ion , ~nt ~~rva1  a n a l y s i s
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SI~;NIF’ 1~~ANL ’E ANi  E XPL ANA T I cN

~“• . n .  y -an ~~ .‘ save l by t u r n l n q  r~~ it i i - e~ c l er i c a l  tasks over to .‘le tronic

COtn~~ U ’  .- r S. ~~~~~ wci k ii.’ ludes ~r . 1 : ,  o~ he i. ’t a i l s  of c ‘mI .ut t ’r  programing

i t  . 1  1 , t n J  a nitmis- ! ot h i J ~; i ” V t ’  1 1- , : - ,~J :k’s hay. I .-.‘n i nt r~~I ;r  ed to assist wit h

the W ~ i.~ 3 S0 W .t !  t ’  . tie e .t ‘ ~rc - i r .  ~;e 1 anguacje fs . r r ’r . i i i  trans I a—

t i n , w h i c h  r e ~ .u . ‘-  : ;u b r o u t i i u i ’~; t~~~ evalua t . .- unct ions  w r i t t e n  in a n o tat  ion

st~i x t a z . t h i t  n..’l in  r d i n t r ’ ~ m a t h e m a ti c s . Many s c i . ’r i t  if Ic arid • ‘r ij i n e e r i n g

,t l c u 1, t ~~~nn ; r ’-  ; L r e  J e r  iy . it  i v . ’ : of f u n c t i o m  or c o e f f i c i e nt ’  of 1~~wer ‘r i e s

• ‘ x ;  t : e : ; j cn ; of !unc’ i : .  :‘he fo r m u l a t ion of subrout ines  to evaluate d~-n i v a t iv e ~;

io ns T.i~’l )?  . f i c ;  “r i t S  can be t ’e ’r formed liv a computer in much the

ur~ :~.in: i . ~r i - foi  :t~u l  .i ¶ r an s la t . ion .  Sof tware  for these purposes h,i~; been

i . v ~~loj (~d i t  ‘he ~t t ’h”ri i’ icS i’. . ’ , ea r ii ‘en t er  over the j ar; t 15 ye .i r s , and has

F ~u t.~ .‘;e~~~~~~r’ i t t:: :n~~: t’

This ~~~~~~~ ic’ ; -ribes ~e. -h n : ; i u e r .  f automatic differentiation by list

i nq ,  . i n i  he r .‘r.e i a  • ton of Tay I n Co.’! I c i  ents by t he ~ir.” of recurr.’nc - ’

i’ . ’ l t t  ions . ~ n ’unhe r of possib le  ,~~~‘ 1) C5 t io I ) ; .  are mentioned , inc ’ ulin q the solu—

t r M. O t  t . : - n ’ i a l  ‘ n i a t i ns , n o n l i n e a r  :;y r t em s of equations , constrained and

ur. , ’OflSt ’ t ined op’ ir’~i~~.it ion r’rot.l r’rrts , a rid various rs”PK ds for error estimation .

Sc
~~
c o~ • h . - - .- h ive l een imp~ . r~.-n! e l  by i t  n - i l s0f tware , and an exa~ç~1e i s

liven of .tn ~~~i’ ic ~ : r’ -r ~~~ i rnv ion t - r  a numerical i n t .-’ i r a t  i o n .  in this latter

(,x ~~~~~~~~~~ u t  . - r ’ ’ t ;~ i i !  i n n  is  ‘;sct d i n  . n t r l . in a t i , ’n  wi ’h interval arithmetic . The

o • ‘  of I.” r :v.~t i v e s  i n r. ’ ,i,;es 
~~~~. appi r -ab ility of int.rval anit,hretir cons ider—

il ly. o; “xpla:ned rn this r”port. I~owever ., unlike interval arithaetic, software

1~~r diJ fere:~~i.t” i ‘ c-art be w r i t .’n c-.nti re ly i n  a high leve l languaqe such as

r ~- T - J~~ , ~~ ‘h:s is easily per~ able between installations . As indicated in this

t h.. -i’o ’ f • hi s so! twar.-’ where appropriate can result in savings of time

m a  e f i u r t , a s w e l l  as a more effective approach to certain problems .

The r’-t.ponsibuli ty f or  t h.. wor dTnq and views expressed in this descriptive
~1’r~rvir- ;  lies w i t h  ~~~~ .in i not wi t..h the author of this report.

____ -------~~~~~~-- -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --~~--- ----.-~~-~~ - - -  ~~~-- --“~-
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I Y.’ Nt’Mi i- ICAI. u ’ 
~‘l i U’i A’! I

L. 13. Rail

1 . r i t r ~~d U n ’ t r n r .  At t h. t rursiat ions of numerical computation lie the means r

a~ u1aL~ u: in in. ’ ,tctuall v I n .  . Today, hr : .  means not or.ly the ;‘omJut r

n.m - -hines (hardware), h i t  .ml:,o the proqrams (software) available to the user .

This 1: ~‘x describes software f,r lifferer’i tiation of functions and some of

l ’ s a iJ L’ lr - - t tior.r.. Differ enti ation is somewhat similar to washing dishes ,

-i l u l l, irni :;~ C[.-n t in - i ,i:,k I,’ ’ .t l e ft to a machine . ‘l~~ methods are given for
n-nr,,tt i iifferen tiation , and t h e i r  use in various programs for applications

£5 1,-n it ‘. 1 . A:, .- Its c u s n i o n  ;s l im i ted  to a t  ual experience at t,he

M,i~. ht’tn,it ics Rer.ear~ li Center over the ~ ,tnt 15 vein:. , no mention is made of much

In- ;; ~~~ •. m~ - ‘ wh r li has ,ic-,i i t less teen t..v.. ~--,~~‘1 elsewhere.

At t u e  end of t h e  ~‘-a per ,  n an.’ conclusions concerning the J ast usefulness

of ui ’ :)rrtat i Jr t t e r e nt  i it I u n :  1 h.- ri iver . , o H ’t h t ’n  with some predictions if

poss r i le future

2. : i f f v r . n t i a r i o n  by l~~st prooessing. An approach t u  fo rmula  translation and

d :  f .r .’n i n  which is -once~ tu a l 1 y  •: I r,J I.’ is prov ided by a list J r o c e s s r r iQ

‘ .- h:-, r  ;‘j.’ . i’athe i than use a general  tur tei se list processing language , how-

ever, was - - r 5I - le r ei ni t.- i i :  r ’ j n r a t e  t -  ~~~~~~~~ software for the specific

evaluating and diff erentiatinq formulas. This technique , described

‘t~.’ book i-7 ~i a l l  (35 , r ; .  1 5 5 — l ( ~O j ,  form s t h e  ba si s  of the program written

r n  u r  by ~i o i t e r [4~
’) and later extended by Gray and Reiter (151 and

• 
Wr’n 7 1 4 , 461, the latter assisted h y  T. Ladner.

Th.’ pr : - ’:: . ‘- r. arc-’ best illustrated by an example (35 , pp. 155—156).

~~::ose that one wishes to evaluate the fun ction

(2. ~) f lx ,y) • (xy sin x + 4) (3y 2 6)

Research ‘ponsorerl by the United $~tates Piruiy under Contract No.
DAAG29—7~-- ’-rn’24.
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n ufl i, ’ ~ t i t  s h-i ivat i v• ’s . h. i z  st :;te-J i s  decod e the formu l d

(2.2 ) F (X. ’~ • S I N (X )  . 4 ) . ( 3 . y a ~~.’ + v )

co: cu r  :: t i t i u l  t (2. 1) iflto a se ju~~n - e ot a r i t hm e t i c  opera t ions  and c a l ls

SubE out m e - - . This  g ives  the -ode liu

T1 X .Y

— S I N ( X )

r i  -
~ TI + T2

T4 T 3 ’ 4

TS • Y..2

‘Ct: •

• ‘C i • 6

F - T4aT7

NO te that t h.’ o-i.’ l i s t  is i t s e l f  a se luence of st at e m e n t s  i n  the same language

in  uh i  ‘h ( 2 . 2 )  r s  w r i t t e n ,  and hence  can be t r a n s l a t e d  by the same compiler

rntu ma —h in t: language . Now , to d i f f . - r . ’n t i a t e  ( 2 . 3 ) ,  the progra m refers to a

l 1 ’ t l u : r m n y  - :r!lrn’.nr the derivatives of the a r i t h m e t i c  operations and sub-

routines :,tlled . For example, the e n t r y  -or’res;onct:n : t~~~

(2. -;) • SIN (U1)

wo,j~~ i t :

VI — COS (U1)

DtJ2 — VI DU1

and 5 ’  ! r t h . A~~ ly ’.:;; thi s : r o ’ . ’d : i r . -  to (2.3), one obtains the code l i s t  f o r

the ,jifferential of F,

—2—

_ _ _ _ _ _ _ _ _  — - - - - ~~~~~~- - - - ‘~~~~~~
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vi  • x . :  -

~

V2 DX. ‘~‘ - —-

DT1 — Vi • v:

Vi — COS(X) ~~ TAB
• V i~ I X  t~ ~~~~~ ~~;

~~C: Il:~nhi ’ I — I l l  • D’t2 -

0T4 • DT3

V-i • ~i
’ *~~l 0~~

’
--

’ ‘,l’ ‘ ‘  
- — -

( .~~. - 

V — ‘V-) ~~~~~~~~~~~~~~
h i ,  V5~ DY - .  - 

~~. 4 1  ~~ d~’ IDA
‘.l

IC’.- — I*i ’”

- ~~~

‘

~~l ’T~

— hT4~

OF ‘2’ 4 V”

In : -  : tin the ‘~~ I .-  ‘;t t - : ~~~~ ~x ,  for  ‘x .mmJ ie  • one set’; DX I

• ~ i n  2.’ and ol t ,t i f l s , , t t t . r  e lrtn :n t t r n  of trivialities (multiplica—

i: ; by I - 0, ox: ,:, ‘r; i m  ion n•’ i t;  ‘Wt: r ~t1d : ion ‘f 0) , the In-

hXT 1 • I

DX T2 — ~OS (Xl
(2. : ‘.::4 a hX’i’l • DXT2

a DXT4.T7

‘h::; , t s e , h” l ;~~t t o n  th . :- derivative DXF 1:; s impler th an the list for F,

t o  ‘he polynomial ¶, ‘rrns in f(x,y). For nonpolynomial function s , one would

.‘X; .’ct - l i t f e r e n t i at i o n  u ’  y i e l d  Ir ru re  ‘orn~ l ex  l i s t s ; however, polynomials

u ’  a t  i 1  uncousnon i i .  • f - . ~~ Je l i i n ;  and a n a l y s is  of nonlinear problems.

The nioc Important f”atnr .- of differentiation by list processing is that

c ’t t ; ’ ( 2 . 7 )  is - ‘  l i s t  of e x a c t l y  the same form as the input list (2.3),

ir ‘an se l f  h u ”  c t i t  fe rent  t a t  ed wi th  r . ’n l ec- t to any variable enter ing into

A . , ; m m p l - i  by :nv ok in q  the :;ane processor . Also , if one needs only some high

d i i  t v ’- ef a f u n c t i o n , ‘h e l i s t s  for the intermediate derivatives can be

ar  I.--d i f ~ er  they are }‘r - ) “ssed , or at least it is not necessary to

c ’n r:m j e th.•ni mji ’hi:.e language . This can result in a considerable saving

3t COY 1 ’ ’ t  • in: . m t  ‘:‘ u T  ~i 0’ l l - ’at I o n s .
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i t  15 105t 1Uu t iv.’ t o  View i i ; , ’ procedure described ,tbov.- in  terms f the

? , m : ; t o r o v i c h  uj r aJ h (17) wit i -h is equ ivalen t  to the cod e l i s t .  Fi ur  -‘ 2. 1

shows the graph ~‘urzesponJing to t h e  l i s t  ( 2 . 3 ) ,  F i I u r e  2 . .  the  q r a ~~h. for

computing both F and i t : :  p ar t i a l  d e r i v a t i v e  DXF with respect to X .

F obtain a ;jrai-h for th e ,‘v!li; ~ t at ion of DX? on ly ,  the nodes indicated by

-;-~~:,mres in Figure 2 . 2  are u :rr ; - -e s s .i ry ,  and can be eliminated .

3. Autom~ t~~c gene at  n o ~~~’~~~~~or c o e f f i c i e n t s .  Thi s is the approach adopted

by Moore c t  al. in 1 “ 4  ( I i ]  in c;)nrtection with the solution of o r d i n a r y

,lit t ’ i o n t  i J i  .~-;u,tt tort s by Sen le:;, and was implemented by Re i ter in 1 i  : i81

and 1 ‘ c - ’ ( 4 1 )  j: ; an indepe ndent roqraxn . Recursive generation r f T ayl u r

oetti ,,’ieflts is also incorporated in the more general program dif fer .’ntrat.

w it. h’-..’ 1 ~ •~ 1 b’s- Kedem [is) , a syster - . wh i ch is also capable of su;~ ’r V - 5 ;  Z r

he r u !  t o ’ . - ~S1:r~ ~r ;  roach: . To i l l u s t r a t e  t h i s  method , the notat ion

(3.1) 
~0 

x 1 ) . f .
~ 

— 
~~ 

(x
0
) . I — 1, 2 , . .  . ,j

wifl ,- used f u ’ r  the firs : j • 1 C u v l or  coefficients of the function 1(x)

it x a x0
. ( I n  us” f u t e t e r i d s  on several variables, the de:ivatives in

( 3 . 1 )  are un der:,! ‘-~J , be artia l with r.’si’e’ct to the var iable  of i nt e r e s t

Ci:.’ :.’ - l t ; , i , : r”iat ions for u ) e Z - .( .l- i t  m u  the successive Taylor coefficic .nt

fo r  the’ a r i t hm e t i c  operat ions and va r ious  f u n c t i o n s  are w e l l  known i2~~,

11 . I ‘7—i 1 5 ;  1 • ]  . I - u t  •‘xa rn j it ’ ,

( 3 . 2 )  ( I - ; )  — f , g , j • 0,1 ,2 
1—0 -

These relationships - an be used to process the code l is t  for the evaluation

ut a function in the same way as the formulas for d i f ferent ia l ,  were used in

the previous section .

To r n t e r p r e t  t h i s  method in terms of the Ka ntorovich graph , suppose ha!

i r;stc’,il - f  s imply  v a l i e s  of f’ n r’ms , a vector consisting of the f i r s t  j i

Taylor coef f i cien t s  is received by each node along the edges coming it - t n

f r - un  ~t—’’.~c’ . This vector is then processed at the nod e by invoking the

-rre ;pc n’iin-: recurrence relations , and the resulting vector is then

tr ansntitted to the lower nodes connected to it. Using the graph in F’.’,iur ’ ~

f - n example, one obt ains the Taylor coefficiente (3.1) by set’ti ncr

— 4 —
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Figure 2 . 1 .  The graph of the calculation

of f ( x , y )
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(T)
DXT 1

* Ti

S I N

T2

+ T3

4

COS DXT2 + T4

* * 2  T5

+ DXT4

3

DXF~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

Ti 

6

Figure 2.2. The graph of the c a l c u l a t i o n  of

f ( x , y )  and f ( x , y ) .
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— ~x . 1,0 . h)
(~~.3)  ,{

i — ( y , u , 0 ,.. ,, , )  .

;‘ t b;, n - ,~,- 1.~t .-i:.-  I ‘~~ , otto wou ld compute

I ’ I (ThU ) • ‘I l (TAU ) • ‘r2 ( TAU) , TAU 0 ( l ) J  ,
and so on. i’h” m y l a r  ,-oe t I c m i - ~~t ; ; of 1 considered as a function of y

may 1 . ’  ‘to ,t i ned in t f;~
. s,tnt ,’ way .

This :::. t b - - b 1 t ; ! t ” r , ’ n t m a t i o : ;  h~~n th e advantage that only the evalua—

m ’ s  u s’ ( . 3 )  t s  t u . ” - ’t e , I .  I t  is  not :~~ssib1,- to discard intermediate values

~‘h, .:, ~r-il i i  m. ~h.• r d.-r i v . i u  l v . ’ ;  a rc ’  wanted , and the list processing approach is

~.‘ ‘t . ’ r i- ia~ t m t ~~ .’ tø t b .  ‘on: i t  , c t : - z u  i f  mixed partial derivatives. However ,

a - ‘  ‘ - - . ‘x~ i t : ; i on s  w i t  h respec’ to one var i ab le  or only f i r s t

t i~~i t ” ’. - i !  l v , - ; :  ; :“ r ° - m i i . ’d , t i ; . ’n the  method described in t h i s  section

It ; ~s 1v ‘ - f t -  ‘ i v - .

1’ i ’  - : . - ‘f::: ; ‘ d e s - i  ibe me t hod s for automatic differentiation in a

S 5’ - i , w,,v as f no 1.- i  .- , 1 ~ t ju i t o OSO t ft ’t to produce q u a li t y  sof tware  for

~~is : ; m : ; ” ; e , i h-t s been done iv i-s’i’ .-r , Gray , Wertz , and others cited in

and , - 1 ; , ’wb , ’t e . - cuirs ’- , although th is  s o f t w a r e  has performed

~-a’ :sf~~,- ni l y ‘r - t  :cir-,: ‘a of v e i n ’ , t h e r e  is always the ~~ssibility of

- u! by m a k i n g  s o ’  of advances in computer science .

4. ‘- r.- trad i! i , ; 5 i 1  t : ;  i c at l o  at  
~~~~ t r ’ -h i f f e r e n t i a t i o n . A number of

. 5  a ‘i , ’ use of s a f ’ w a n , ’  fo r  a u t o m a t i c  d i f f e r e n t i a t i o n  come

to n i : A  inr ied , - ‘ - - - . A few w~~i l  be sket hc’d here.

i .  ‘~oi’ ’ : a. f di ffe r rn t i ,il ,g~j u a t i o n r ;  bv ser ies methods. The software

t v  ti~~ -re ‘-t  a l ,  in I • & ~4 1301 and Braun and Moore in 1967 13) is

f a : .’-a on ‘c, n:i ’t~~~- l o  ~~r Ta v i - - r  s~’ r r e s  solut ion of ordinary different ia l

‘- jolt ;- ‘c- l t ’ s c r ; t - e ,f ;n  t h e  papers [ 2 ,26 )  and books (27 , 28) by Moore.

A l u h o ’ ,j ;!’. ‘L”se ;‘r-”zrasis wer e des igned  to be used w i t h  interval  ari thmetic

to ::j’.-m d e auto ir-tr i er ror  e - t m m ; ’ ’s , they can be executed in ordinary real

‘c - a c,;- ’ - . ; i n t )  a r i t h m e t i c  to ob ta in  resul ts  wh ich are competitive with

‘h ~~~- . of the -;an:.-- o rde r .  In pa r t i cu la r , Moore (28) refutes the

* at~~~~ -.~~ ni’t le  in s tandard t ex t s  on numer ica l  ana l ysis 14 , p. 214; 5 , p. 330)

ba ’ “h” oo r ’ s c it y  of u-alc ’ lla tm n r l the  higher derivatives mskes Taylor ’s

a~~: r i t hr’ - urn ; r ’c ’Iy  u n s u i t a b l e  on high—speed computers for general integra—

t i  -n . T , ’ 

—-‘-- - - -- - - --- --‘-- -- --
~~--‘-

-
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I’he rt’ lated te- - hi ~ m que of t b ; .  I . i  e— sex m es met b i . s I  1 a ti;. numer i u - c i  So I u~

t i  -n ot - l i  f t t ’r~ -n~ i.t l o juat ions also makes use of the , t o t  or-sit i- -; . h , i .i t il-in

at avl ’r ,-oe’ft;cxents , as descr ibed  by Knapp and Wanner [19). The oriumna l

j - r ;) u r a m  1201, ‘..‘ t~~~t t e r ;  it t  1968, required the user to wr i te the sequence of

;ombrou t i n e  ca ll s  c o i x e ’ : ;j ~~rid m ng to a code list of the form (2 . 3 )  for t he-

integrand . In 1969, automatic generation of the code list was added by

T, Szymanski., under the dinect ion of Julia Gray , to obtain an improved program

(211 . Once again , the result is a l - p a r n - i ; t l y  competitive w i t h  Runge -Kutta

::iet:si~1s of the same ordei I 1’~ • 3 7 )

l u . : - o lu t ; u sz t  of n~~n 1 x n ’ - a r  systems of equations. A ~-opuiar and ,~f f e -~t i vc

nie tl . - si r -  a ba so lu tion  of S’,’ :,!eflIn of n nonlinear equations in n ‘on~~r ;~ ~‘:. -

(4 . 1 )  f (x ,x ,. . . ,x ) • 0, m • 1, 2 ,. . . ,n
1 1 2  n

is ti;1’ Nuwto n-Kantorovich algorithm [lu ,35). However , to implement this

method iS  ~- -; -h .1 way as to obtain quadratic convergence , one must ca lcu la ’ o

t.o n ; ,tr ’. ;al derivatives

( 4 . 2)  1’~ v—~’-- , i , j  •
lJ

to obtain the n ~ n Jacobian matrix

.3 — f ’ (x) — (f;~~)

This is done by a u t om at i c  d i f f e r e n t i a t i o n  in the 1967 program of Gray and

Hall 110) and the 1972 version prepared by Kuba and Rail [23 ]  and de sc rii ’-d

i n (11 , 3h~

H igher order meth ods , such as Chebyshav ’ s method and the i nversion ;“

:~
- ‘we’ r series would require computation of t h e  Hessian operator

( 4 . 4 )  H — f” (x) — - 
i

j k

-a nd perhaps higher derivatives [35) . The auto matic formation of ( 4 .4 )  i’

mrn I— lement ed in the prog rams (10 ,23] in connection with verification of

exis tenc e of :;ol;;tions of (4.1) arid error estimation.

Another approach o the solution of the syst~~ (4.1) using derivatives

is a con ! m n u a ! ~~on or hsmotopy method based on the conversion of (4.~~) int o a

—8 —
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, u t l i t  :er ‘- x i ’, t a l  e pi.i t Oh :, for  a cut -v .-  -oi ;i ; . ’ u ’t ing an init ial  appr ox inia —

~~~~
-
~ : X to r wt1ich f (x

0
) y t o  a s o l u t i o n  x .  ~ u c b ;  a system is , using

( 4 . 5 )  .3 — -y

~‘i!t; tb~.’ initial ‘ u u ~~d i t j o f lS x ( 0 ) x
0
. Intt’qi a t in g (4,5) by some curve—

tol l ~~‘; i i o  t .- ’hnique (24) from t — 0 to t a 1 w i l l  g ive  an approximation
*

x ( 1 )  — x . The system (4.5) can be constructed using sof tware for

- ii t ‘‘ I . O t t  1 .t t i ~ fl

c. “Lt imi?a t i o r i  of nonlinear functional s. A problem arising frequen tl y

:n t b;. t j - j - l i c a t i o n S  of mathematics is to optimize (maximize or min imize)

the value of  • n on l i n e a r  fu n - ’t i onal

(4.6) ~ g(x ,x ,..
1 2  n

W i ’ : . ; . : ; f f j c i , ’ n !  smoothness , this can be converted .nto the proble m of solving

the system ( 4 . 1 )  by taking t h e  gradient

(4 -. ) -,-~_ r~
_
~
j

[~~x ‘
~~x 

‘“‘‘ 3x
1 2 n

and settinq ‘
~‘q - 0 ,  which as ( 4 . 1 )  with f ( x

1
, x2

, . . . , x )

a — 1 , 2 , . . . , n .  If one wants to solve this system by a method of Newton type ,

U - n  the Hessian matrix (t ~~t / 3x .x .) is required , which is simply the

- ‘,t -ob ian (4.3). In  problems of this type , which are called unconstrained

o~ t ; nm;: - it1 - )n problems , t h e  forma t ion of the grad ient and the Hessian can be

ulut-nated by the use of software for differentiation .

Anuu! her type of optimization problem requires the satisfaction of coridi-

ions

( 4 . 8 )  h Cx ,x , . .  . ,x I — 0 , ‘r —r 1 2  n

which are call ed constraints. Given enough smoothness, the constrained

optim ization problem can be reduced to the solution of a system of equations

of the form (4.1) by the introduction of new unknowns

ca lled Lagrange mult ipliers. One obtains the nonlinear equations

(4. ‘) ~j~.2_ 

~~ 
~ a 0, i — 1,2, ,.. ,n

—9—
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which , t o - 4 . ’t h e x  w i t h  ( 4 . 8 ) .  f or m  a syst.’n’ o! order n • k to solve . The

e— ;;.~t t  ions (4. - ‘ ) -am b u t  - o r i s t r u -ted t y aut-- -r ..tic d fferent lat ion aS in the

—.n~’onst rained case , ,t~~ u l  , it ,j,~’s irad , the en! ire ‘yt; t en can a tst’ If I.-

-faffere ntiat ,’j to xmp~ ement ~!s solution by .t method of Newton t ype .

5. k n a iy s i .~ of r oun d o tt  e rr o z u s m n ~~~~i t fe r e n t ia t ; o,. A non tr adi t  i n n a l
,t~ plica.ion of software for automatic diff er en tiat ion in numerical analysms

woulj be’ the 1m~ l ementa tion  of the method of Hauer [13 for the st-u -b y of the

p *o~ a- ;a t i on of roundoff error . This technique is based on the use of

relat ~ve (logar i t  hxtt m~~) l : r f e x e n t ; a ~~.

(5.1) ~t - dfft . ~x 
---  d x x

and the -nrrest~i.id ing relative d cr m v a t i v e r e

(5.2) .f ,, x • xf ’,f

and the code 1 ~s —~-r K,~n’-srovi - h gr~s~
- b-; for 1. Ti-a ’ quart ;t ; e ;-  r au-d. ’d for the

analys is of ru ’~nd- - ff error it ; ~ta’ calcuTat ion of the funct; r; defined by

(2.2) are availaf .‘ m~~~ed i a t e ly  fr ~ r the code lists (.~.3) an t ( .4), for

examp le,

( 5 . 3 )  i’i3- T5 •

‘~“tt in~ DX a X.R} L X , DY • Y would lead to a cod e list ex ,reased

ent;re~ y i n ter~~s of re:at.~ ve d;ffer entials. A- -cording to Bauer (1), a

roundinu error in the calcu~ ation of say, T4, i s  harmless ;f  the i nput

condition number

(5.4) t RW)T4fR}~OX~ “ 1

u r  the u ;tj~~~t end it  ion numbe r

(5.5) j~~~- r / ~~~~T4 ‘ 1

Here , F is being -onsidered to be a function of X only, with Y fixed .

Similar con d i t i on s  -‘an be formulated for functions of several variables (11.

The siqnificance of (5.4) is that a roundoff error in T4 j.’~~s not exceed

the result of a correspond i ng error in X, while (5.5) means that an error

in T4 will not affect the final value of F by more than the same amount.

An app1lc a~ lon of these ideas would be to examine final or i ntermediate

condition numbers — -‘f several aP-rrnative graphs (or lists ) for calculating

-‘10- 
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-
~

t i e -  Sc f ;m ’~- ~o.. - - f t  t ~~~ , u i i ~ i i;  w h ;  -h r - - , : ,~~ ~‘i rur in t h. lt- .t~- t

~ fl t b ~ t .iutomate • ~ I ~u C t u ~~, - ) h l ~ u . i n u u ~ the  existing

b.~~’t; ( .0  • (~~ • W~ t -~ I iSt z~~~~-sser which j - r c ~~uc&’s r e l a t i ve

- - , ‘~~ - . .  t~~ri~~t u I i f f , - ~~. - n t  t a l s .  Fur exajnj)Ie . f t

.0 U3 • Ui •1i.~

‘J  t 1 ,t ~I u f i , ~~~~’. •u;!t’,’ t o t  t ta- h . ’ J . i t X V e ’  d i f ! er . - n !  m.t 1 would be

(5,7) RkItJU 3 a t’l~u~~. 1  RHO~J2

i 1 .  10 On.

- ‘0 - ‘j i  - -  
~~ 1 i~~ : h i  - ! .~~-i -~~t%a~ di f f . - y . - t i t  ~at Ion to roundof f

0 i n s ~~V s 1 S  would t ,  t u  , t : m t o m . t t t ’  ~n -  linearization techniqu e ‘~u -  to

- ‘ u ’ ~~.’l ( 4 4 3 .

• . 
~ 

. t  i- -ria .‘ ‘ r m t  O ; c ,~~~~~• - x i ’ t . n - - O f  ~- u 1 ~~_t~~2,~~~,,, of systems of ~ q,ua—

• 
~* ~~~jj, ~~~~~~~ • .,~

- . - c ant <~~~a t 1 c  d i t  fer .’nt iation. Interva l

-c ii:si~. J.( 7 ,~~~L : ‘ ‘ o t t - - - • m e tn u d - t  - : ‘~.~ i;in g bound s t o r  t i . -  ranqes

- 
- - ;  ;~~~b1e ‘ -;n~~ o-m, , ~r~~1udinq per turbat~ons due to z oundoff  error in t t i t ’

a t ua~ ~~~~ u t . t t  ~~)ns  - So: t ~~o ‘ for or-.~ n t in - : w m t  erv,t i arithmetic was

- 1 . ’~’ l- ’~~-’.t s ;b .’—~ y— ; m.’ ~.‘i ’- i i  ~ i f  f t ’r~~’t , t  : t  :. s f t w a t . -  by Ke i!e ’r P~1 ,42 )
- -

~~ 
- t :  • :n -i  m n  1 •~ - A ‘~-~ f ‘ - i t - i t a -  k.-io.’ ha’; been ;-r ~~-art’ i I y Yohe (4 7) . Unlike

~‘ :~~-~~ rams f- d , f . - t - t ’ t -, ’ :a ion , w h m  -h he w r i t t e n  in a h igh  level

i - . i - -~u a J ~~. I~~~~~ • ’ ! -  1 - - u f ~~ . - - -wa:; — i t  : m : ~-.~~1y h m a h i y  ma- - h m n e  dependent, incl~~ ing

- i ’ , ;  f . . 1 . . i i;  u % - . r , 0”S  in  ~
- oni-uter 5 i e n ’e , Crary and Ladner

‘ I ,  ‘ : ( 1 , ~~~~~~~ . - i t ~~ f l u - h i -  (4R , 4 ~ h i v e  l-een t~~~i C  t o  rodu ’e thi, dependence

a - -  ~t- ii - . i i ’ -o , ;t  of sreed .

F- ,r .~~~~~~ - t ’ ’ , ” n~ purposes . it is ide -j ; ta .- to  know that  one can extend

flU ” ;  i i i  - . 0 : - - ‘ ;  f rom ordinary t - -mr ~’er’~ x t r  closed Interva ls

X ~,b) ( W h i t  ‘h ~~ :1” numbers if a • b) . Execution in  interval  

~ a r - m~ for  • he -al U 1 on -f a f~mn~ t me:, I (xl wm 11 resul t

In ir. mt ei v..~1 t ’x t s ~n~~i n t ~ F (X) of ‘Cx) such that

3 ( 6 . . )  f ( x )  ~ F ( X ) ,  x E X -

t,;u
~
, • f - u :  a ~a ,b3 a tnax { 

~~ 
, ~b I). one will have

(6..) ff (x)~ ~ ~F(X~ J , x l  X .

11 ‘-‘;~ r - - ’~- .it ,s ~ x : - -~ ‘ - f . : m ’ ’ i . r n en s ) o n a l  spaces, us ing the maxiat~~ absolute

— 1 1 —  

—— - --~~~ ~~~~~~~~~~~ “--- -_-~~~ —-- — -—~~~~~
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, L ’ : ’ - h i , ’ : i t  n -n i : :  t -  : V. 0 - ’ ! - ~~, .ind t i a ’ ox x esj’and m nuj : i u - : : r  f - u t  uni t r i - c ’ s .  In

the’ - l ’ u ; ’ t ’ u l  l • t )  1 W ith u ’e t lt t ’ ! y and radius ~ 
-
~~~~ to ’ r , ~x .‘s,’ntt,d a: an

:: t 1  V .1

- , . 3 )  U ( y , , t • ~x : lix — ‘- , - )  • (y  a Øc , ~‘ 
+

e a ( l , l , . . . , l) .

Afl ~ t’L O e ’ i t ’ . ,& j 1 i 5 4 t  i(’~ -0 h e: , . ’ t_ .- - hn m :-j . ’n m~ to ,i-.it - -;“,. i . -

f r o r i  c lassical  .in i : n t . ’r v a l  a na ly s i s  uI;  the e x i - ’~~” ’: .‘ u f  S O l U t i u u n n

-:  Sy s t e r n : - t  e’-tu.tt~ . ii:~ ~~~~~ I) a.~ . t - u  ‘,btain e’ruor bounds.

a, The i t  ion :~, i I : : n :  ‘l,. ’-- r . - : ~ , Here , one t ransforms ‘ : ‘
( 4 . 1 ) , s i i tt. ’ t, Ui v.’- - toz f - , u , n  as f ( x )  • 0, a:: ~ f i x e d  ~.o ;nt  problem

x • ( x )

Some ~ ~‘ t - , i t u 0  • , f u r  e ’xa. ~n; 1. ’ . to n’ .’ an ite ra  ion r- . ’ tJ cO

( i u . 5)  x 
- • • (x  ) ,  n • 0 , 1 ,2 n

i t  t n  : ft ,ier’A’ 1 ru 1 approx m a t  10:; x0 
• y - I f  0 i s 1,1) sch ‘ z

- :0 m n -nc ! , ;  in - ,-  
~~~~

- su f f:’mentI large ball U(y,~ ) , that m a ,

o .‘-‘‘ 0(x) — 0(z) fl Q X  — z i~ , x , z  e U ( y , c )

i - n i  I~~w:: ttc ’ rti the th eorem of Ba nac h i 3 5 ,  pp. 6 4 — 7 4 1  that the : - c ~~;t’ .

: ‘- n ” t -o~~’ t  by (i .c) :u nverqr’b to a solut ion x ~ U ( y , p )  , provided

( t u . 7~ x
1 

— x0 f l / ( :  — 
~~~) -

In  order t~ - obtain the :m; u schxtz constant a , automatic diff ez.’ntia ’;:

:.- -use-I t~~ -‘OCI-i le a ~-roq ram t o  evaluate the n n matrix

G’ (x) a (4 ~~ ~x ) .  Using interval arithmetic, the same program w i l l  cort~-u:.’

extension ‘ (X) on the interval X • U(y,~~) defined by (6.3). 1! th~~.

(~ - .8) j  • $ ‘ C X )  I C

and ( h . 7 ’  ho) :i- • h °n the hyp otheses of the contraction mapping theore m - i t

~-~ t u s f m e - l . Thi s  - - ‘ in i - u ta t  ion , if succes s fu l ,  also y i eld s  the error  bou nd

f ly  - x ( (  . f o r  y as an appro ximate solution .

b.  The Kar. orovich theorem on the convergence of Newton ’s method.

‘4ewton ’3 method , .is appl i ed to the system ( 4 . 1 ) ,  may be W r : t t e n

(‘- . ‘) x • x — (f’(z ~~~l f(~ ) ,  n — 0,1 ,2  xn~~l n n n 0

—1 2—
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- f o rm . The theore’n of ~:a :mto ro v ich  ( 1 .  1 requires the numbers

B
0 

I I( f ’ ( Y H
’ ’ . 

~~~~ 

- x 
- 

, :- ~th obtainable rigorously by interval

- :4  ~t nt ion , i n - i  ~t 1 ,mj: ; - h m t z  constant ~ f or f ’  on some sufficiently

l i :  :• ‘ n a i l  X • ~! ( y , ~4.  The prog r ams described in ( 10,11, 2 3 )  u se automatic

t o t !•  :0 i a  ton t o  ob ta in  the t ; m l m , i e ’ .tr operator f ” ( x )  de fined  by ( 4 . 4 ) .

ci i u y  in terval  a r i t h me t i c  q i v.’s the extension F ” ( X )  and the des i r ed

u t  .ch t . - - u > : c ,  I

Ru . 10) K I F ” ( X )  I -

• i

1 1 — /1 — 2h
h- .1l) I - 

~~ boK 
~~
. .

, 
-
~
. h 

—

*
hen the Kantorovich theorem guarantees the existence of x such that

I *(x ) • 0 in X , t h e  convergence of the sequence generated by (6 .9 )  to x

cot provides t h e  e r ror  bound f ly  — x f l  ~~. ~~~.

c. An int,e’r’.’al Newton ’ s method . ri ,. may ob ta in  an in terval  vers ion of

~-e’W’ c::’$ me t hod : y  s e tt ing

t ’ - . 12)  :: • X ~ ( m ( X  ) — [ F ’  (X ) ) ‘F ( m ( X  I:i ’l n n n n

a 0, 1 , 2 , . . . ,  where m( X 1 is the midpoint ,  of the in terval X ,  as

described by N i c k e l  ( 3 1 )  and Moote ( 2 7 ) ,  Here , X~ can be an arbitrary

in t e r v a l , not~ necessar i ly  a ball , and the c o n d i t i o n  x C X implies the
n + l  n

.‘x ’.s’ e n - c ’  of a su - l ut ion x t X . Once a c a i n ,  automatic  d i f f e r e n t i a t i o n  and

ir u e. ’ rva l -irmthmetic a r e used to obtain F ’ ( X ) ,  whi ch is then Inverted by

interval methods . Inversion of interval matrices is a tedious process , how-

eve r , so ( h .i.) is  of l it ’- l e  p r a u -:~~1ca1 importance . This computation is

a v a i l a b l e  as -in. option in the program of Kuba and Rai l  (23 1 .

ci. Moot~~’s theorem . This is an interva l theorem, based on the Kr awcz~~
t r ans fo rmat ion

( f - . 13) K ( X )  — y — Y f ( y )  ( I  — YF’ (X)1 CX — y)

of an arbi t rary  interval X ( 2 2 ) .  In  ( 6 . l ~~) ,  y I X and Y is an arbitrary ,

non singu lar real (no t interval) matrix . Once again. K ( X )  is computed

by automatic d i f f e r e n t i a t i o n  and interval  arithmetic , and has been implemented

I 
as in o 1-t ion in the pr ogram ( 2 3 3  by J u l i a  Gray . if  ~~( X )  C X , then Moore ’ s

—13— 
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*h e ort ’n [.1c) —ru ,i: ,ttut( ’,’,; t h e  eX i S t e n t ’  ~ t i  sa i n t  : ‘j r i  x X , i~’’:i~ h, ,r:- in
*

j-~ t’~~ ~~~~~ meth~ j ,  also y i . ’ I~t s  e rr o r  t-o:it;,IS ~- : t  x — m I X )  or a n ’  u t  (a’i

.i;;roxiuiate solut ion. R a i l  ( 3 6 )  has shown t h a t  h.’ Kantorovich theorem has

le  th.’or ’t i  ,il ddv4nt ~~u ;e over Moote ’s theorem, w h i l e  the l a t t e r  i s  m u  1-

less costi ’.’ t~ a~-~ iv . He :i ,~e , ~ )o~ e laborate implementa t ion  of t he  -~~ l - . - i a—

¶ t o n  ~f ( ‘ , j  ) in  t i n ’  :-t ’o~ t cii:. ( 1 1 , 2 3 )  ~an t u e  discarded .

t 8hOu l .1 b~’ pa , .‘d out ho ’ t in’ u - art :.‘ of i:,~ method s and programs

n - s . r u- bed in this -ie’ t 101. i S  • t u >  solve ‘‘ - ( 001  i~~. I : .  • I it X~~ t to’r to guarantee

t ’xist ence of S Q I U t  1 - 1:5 ,i i i i u l i V e  ri-Iorons ~‘I I !  1- - anu  I : -  or a; toxmu -ntt. - sol u—

ions. Thu -s t~~ j C  O~ ‘unc atat~~0n is •‘x~ en s i ve , but  may 1-.- j u s t i f i ab le  in

tn. fl ~tu : I 1 - a t  i u f l i 5 , s a t  as t he d~’s u-r: , of - - r m t m - ~-a1 components of’ a i r - r a f t

otra t u~ ’ : - ,~~~i- est  : i i, ,i  : ~gu ol ‘n r or  of numer ical integration and c u t h e r

echniq ~ues of l assica i r u w n • r i c a l _ an a l y si s .  i n  ord inary a~~-1ications of
numerica l ana l ’;sis , erro r es• imat m ufl i s  a t e d i a u~~ dtoi.’ which s h a u l i  be

mechanized us -on-h as :o ’;”- l i 1” . As error ; 
~n data , roundoff error , and

tm :, i ’ — i .  •‘r r - -r - - -: ‘ er~unat. -. ~ehnuo -~t every actua l - - - cnj-:itation , some ~t: i1ysis

I ot h:’’ : elf.’ ; is  r e -~u ir e d  in  order o u d u t .~ the reiiabii xt.y of the ret ;uIt S

Thtaine’~ :n .’rva l arithmetic is s - uu - af - 1,’ for keeping track of l i i i and

roundofi- “r r - - rn au tomatically. I f  expressions for the trunc atmu uru error are

cr.o’~n in . rms cut der ivat ives , as in classical : - u n n e r m - - ,u i  a n a l y s i s , t~~~e~~

t’ -)~~~tmc’ ddferenttation can be used in . curun .’ ‘ion with interval ari thj net i-

to obtain bounds f-c r ¶r’J n :-utu o n error . All of t h u s  m s illustrated aptly by

the work of Moore on ordinary differenti al equations (3 ,25,26,.7,28,3o 1 ,

and by the fo l lowing  examples from ordinary numerical analysis.

The processe s of interp olation and numerical  integration and dUferentia-

tion can be re gar ded as coming from sam e linear functional it app lied to the

fu n :  ion f under consideration . Thus , one write s

r
a ,

u
, 

-i f ( x ) * (
~

) t iY, ~ I ( a , b J

wher e the rema inder term t ( C )  i s  some linear combination of derivatives

of f at r,, for example,

(7 . 2 )  t ( ~, )  — C

-14-
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I

~u . ’i e tt:~ con-~ o t  ~ iS o S ! ,.  :.. l in e a r  u)~~~. i l u ~~ l ion of value:,  of

i i

( 7 . 3 )  h t  a & f I x
1 1

i - i

is ~- ‘u.il ly c - illt ’d ‘h. rule n un .-! i - - il tnit. - r; -ola tion , integration, ~r

l i t : . - z . - - . ! i~~~ ’~~i u ) t : , ‘ . -: .Lk u~O ~~ i~~t . - r ’ .’, i l  t ’ x t e r i : - l o n  of ( 7 . 1 )  rives , fo r

X - -  a ,:),

n ‘, i-
A l  (x ) ‘r ( X)
1 1 - ni — i

-
~~

- in t .~- vo l  an h.’~~~, : : ,  - , t t i  be u U~ii( ut .‘j ,&-,it OhiiO i - -a I ly by use cut the

i ‘ 1  iiu - t i l t S  u i !~~~’! . t h i ,  t i r r i u : - t . ,- ’; a .otn~ ~~~~ err or

- :  ‘~~~~~
- 0 - . - - ’ O h.’ ru le  ~- t :iv ’- !u hr (7 .  fl i: order 10 c a lu ’ i u l a t e  the

,:: • :- .s, il ‘0 .  T h u :  ‘ - - t , i n , i i - ,’ : , i ’ . iS u ’, tr r i ~~’c - u a • i n  the prog r ams of

- i  a’: ic  I R a i l  .,13 ,14~ :; bound i ng ii~ .-r r~~ u : t  various rules for the

,‘~~~‘ 1 ,il in’ -- .‘:~~i t  0 !  - f ! - :  - t  i on :  u t  a :~~nu~Ie v,ir u , it I” . For example, for

- : ., :-~~~n ’ s r u l e ,  :. ‘ ~- -r m - (‘
~.4) us

~~~~~~~~~~ I ‘);x ~~~~
‘ 

~~~~ 

‘ 

Y ( A )  * 4y~~~~- -~~ 
- ~w ta .b 3 ) y lV

( ( ~~~~~) )

•~~~~~~~ .‘ .- -~ - ( 1 . .~ • 1: — a us the ~- : - ttli of ~~
‘ ,‘ interval [a,bJ .

c~’eed of the -on; ’u ’ er 1—lu r s t h e  d i s t i n c t i o n  between a pr ior i

I i -  1 a ;‘ u s t e r : - i : ~~ “r r - r .“;tu~~ot Ion:., an expression of the form can furnish

:-~~~~ .~~ u-s l v - , r . 4)  c - u n  be , - . u m - u & t e d  fo r  a small va lue  of n , and

‘~~~ u ’ 1 i i .~~~ s’ ,’~ - -an be ~‘x r  u:~ ~~~~~~~~~~ t o  larger ‘.‘~~~ars u - f  n ,  as the width of

T ( X )  ‘ - - - ::,‘ t u - - ;tin ol iii: -0 i t  ion w i ll u i l ~~ ,i~i~ be an :ij (er bound for

‘( X ) ,  X C ~ . Th i s riue th- ~ i f r - 1 optimization of time or accuracy in

numeri -ii i :” : t i ’ :u~n is inii~ l r’r u en t e cl in the t-r o’~r’ani 13). A ~~~sterior i error

e’usates, o~ - ;irsr , -ir’- a l w ay s  available directl~ ’ f rom the computation of

(7 .4 .  -
‘ .~ : ‘ has 1 e.’n e st ab l i s h eu i  that -f ,f  e (c ,d) , one may take as an

-z one — 0’ tO - .’ numbers

(7.(0 m u 
~,u - ) • ~~~~~~~~ h [ a ,b) • 

a~~~~b 
• gl a ,b) —

iih~ :h m i n i m l z ’ - ’ ’- ,ii-- ’- O . e  err r , relative error , or maximites the r e la ti~’e

- i i  i n  m. scns’— of lver 1i’] , t”s~~ ’ 
-t i v e ly .  in terval  resul ts can be



--~ - - - -~~~~~~~ --‘- - - ~~ -~~-~~~~- —- —~~~~~~ —-~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~~~~~- --~~ -~~

i n ’ . - n  0 t t - I , i t  Ils - !.- than u r n ’  is av a i l a b l e ,  to  obtain a u~~~i i b l t ’  improve—

iiS’ti t (12 ,13).

As an ex ,tx ru ; - I e  of tOut’ O ( - 1 - l j u ’Ot tof l  of t h i s  program , the region to the l e f t

t n t  i - . - l c u w  ot n h  n a i!uOSe in Fiqure 7 .1 show s where ~~~ l acut ’ .lu u u r u u :y for the

-cu - - i l a t  i - u f l  ot  t b . -  e l i u ; t u - :  unt ’-qral of f i r s t  kind

(7. - )  F ( k , :’) — ( 1 — k sin O) - I C ’
0

c.iru i- .’ ;u.i: ,u!, ’’ I , U S u : . - ; Simpson ’s r u l e  wi th  7 nodes ( three t i me s  on F ,
~~~]

This iu ar a n t t’e  i z:-: l ud ,‘:; r - u : n I o f f  11 tt: .- UN I VA C 1 1  l o  in  s ingle  precision

C’ about - ‘ t.’:uzn,i I digits) , ari.i should be v~~iid  for  calculators u t !  r y i : i u z

more Ia •-c . A resu l’ at this k ind  ni qht be useful in tb ’ design :1

r >;zo r .mii -l ” h i:: I calcula tors , however , the important point is that t i”

r esult:; shown m u  t’z nu t ” 7 .1 were obtained interactively at a computer terminal.

The - u  - ‘  r supplied the integrand of (7.7), and then various values of k and

.t’ • :1:.’ detai led .- r zum analysis was carried out by the computer , u s m n ~ rh.

- ; r o r ~ ( 1 1 ) .

Tb.’ .‘r i ’ !  of :-. - u m ’ - r  i : .*  I lu I ferent iotion can be analyzed in the same way .
:• may seem strange to use an analytic differentiator for this purpose; how-

ever . i i ~ may turn out to 1:.’ cheaper or more suitable to the input data to ‘ 
-

- i I - - i l ~~ t . ’  der ivat ives as linear combinations of function values than to

“X e - utC the differ enti arn-i n subroutine , once the rule for numerical onalysi-

h o ;  beer : es tablished to be of s u f f i c i e n t  accuracy for the functions r ’cufl Su - ,u 1 - .

Here again , the elaborate d i f f e r e n t i a t i o n  and interval software is used for

error anaiysus in ~hi~’ design of a p rogram for production computation , not for

the ‘om(utatl::n itself.

5 . ‘u ) !’i~~ U s i , f lU i 1fld predictions. The above illustrations give an idea ~f the

power and usefulness of software for automatic differentiation, however, in

s~~i t e’ of u - t s  portability , it  AB not widely accepted at the present t ime .v

numerical analysts . One hears objections such as : (i) It won’t work ;

( i i )  it won ’t work w e l l ;  or ( i i i )  a problem is known to which i t  does not

a; 1 , .  Ct j ections (i) and ( i t , coming from people who use formula t r a r . s h i it o : -

r o u t i n e l y ,  are demolished by the facts that differentia tors are based rir. the 
•

same principles as translators and have been used with success at the

Mathematics  Research Center and elsewhere for more than a decade. ‘
ib je  - - -,

-16- i
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0.67

0.44

0.31

0.24

0.15 - 

~aq ion of S-place accuracy.

0.14 -

0.0 4 I I I I I

0’ 20 )0 40 50 70’ SO’ 90’

Figur s 7.1. ~sqion of quar ant..d S-place accuracy for calculation of

?(~~~.k) by 5i~~~on ’s rule with 7 nods..
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I

i t) is S imp I y - u : ; t ’ ~ n a  t : v. , nt: - :  - :  - - : u t  1V~~- x e m u i k  whi - - I ;  U( 1 i (Ou to any method

u - r ¶u -’ol . A n): - ~~o~i t  t ’ ,’ ’ a: ; r u : ,tu :h  W O 5 ; .~ I ‘- 1 . - t ! t h t .  of j - x u ~ i u 1 ’ ’ r i us n -  which t h i s

tware ~t:),’’ u~ i y  , .u~- r h. . ‘ x . u i n ; u l  e:; - ;  yen ,
~~ - v, indicate .

I here are , -I course, -tl te r:u ,u t i V t~~~ ~~~ t n’ use ot’ automatic ~~i f t  ‘- r . -  ot iat ‘, r s .

0;.’ iS ‘ h r  uve and - u ’ t ’ -  ,ul 1 : ; e e d’-I  der ;vat i ‘~‘u ’ u  by hand . This is .u du l l ,

m e  t , t : k , h u  ; : .  l y  : I-cl;. ’ tc “11 ul . Thus , to make , t - mu - -h 15. ’ ot  the s (-ei-d

u n u - I a - o : a ’ -  of t b . ’  un: o’er as pOss;:_ it’ , - -u 1; mechani -al ~ols :;t;o;ild lu ,’

to: :.~- u-i c-’.’, :  • ‘ . The u t :;e r a! t , - r  : ,u ~ iv.- IS tO u v u l a  t he  use - : 1.- r uvati v u’s

iou ; j ! t o~ ,’t h , - :  . rt, i:; has t a - . - n  ;one w I t !  u ; r t ’ a t  so- 55 i n  a

:-. -ur ~- er a areas , t n t  I - - r e s u l t  i ng f u 1;; ‘ l~ f. i t ’  is - e rn. t hod ’; b~ ve enr 1 ;O;’-d  o t t

:s- r n . ’-o - , - and ~ i .u t i  ‘- of r , -u : ’ - - - : : - ’- u l  az ;uivsus. iow”Ver , there is a long

r u. : u u,o;; -~ h . - u ’ ’ of S.-:  iou; ,in~. -t’’r uv a ’ z v ’ - s in numerical  a oa l ysi s  , d a t i ng

at ~ . - u u ,  t u  s.- 17~~. b c—u ’, iv - ;rl:n ; 14 3 ) .  Rather than tu rn  one ’s back

on th~~s I us bi- -~ u - -  ot - l . - ’,” - T  ~~ u- n , i t  would seem I be better to make as

much use o~ :~~ u W ” f  - f mathernat 2 al analysis a ; possible , and employ deriva-

u,v.’s and s ’ - :  ;es i . : . - : .  a : :  ro( - r i a t . ’ .

Anot :‘‘r : - u n bz -a :~,t or in I h i ;  Hi -O t  i s t h ”  ci- ”~” re la t ionship  in

a: u -l i  - ;  ; u : ; . b-c ‘ W et ’ S  automatic different ua t us:; and i n t . - r va  I a r i thmet ic ,  even

:5 t n . ’v it ’ - : - ; i t”  d i f f e r e n t  in conce; t and i r ~ ; i on”  n ’a t l o n .  The reason for

‘ ni s is tl ’; - t~ :ri f l o a ’ i f l u~~~~pO i tI t (real) arlthn ,- ’ ;u ’, t- hc- der ivat ive  can often i,u€’

successfully i~ ;r-x :nated I’ ;’ the difference ~uotient

(f’ . 1) f ’  (x~ ~

N u m er i - - ’. an alyst s workin--; with finite derivatuvc’s, however, know tha t h
car.nu t zo’ taken u- small in (8.1), as the significant digits in f(x h)

and f(x~ will cv-. - ’l out, and the result un -’~ roundoff error will be multiplied

by the i’~~’ n -ur’ .l~ ’: 1/h to give a result of no significance whatever. It is

krc’wn that if I Cx) - - -t n b’’ calculated with absolute precision . then

h - ‘ ‘ is ,is small  as h s h u i u ; i i l  i - c  taken. Thus , a somewhat inaccurate value

u f  t~~
- ,~~’ der i ’.’a ’ .ve is the Frice paid to keep the computation meaningful. How-

ever , t h i s  type -u! inaccuracy is of no consequence in many applications. In

interva l a r i thmet i c ,  however, one has

( A . 2 )  ( 0 , 1 )  — 1 , l 3  — ( — 1  .1)

so - - a n r e i l a ’  ion is replaced by a widening of intervals , which is only

aggravated by multiply ing by large numbers. This “painful honesty” of interval

-18-
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- thinet ic - :a’.~ - ~~
‘,. u , u: u ; t , i b 1 t ’  - - :  - i -  ‘~- u l - - d c r i v a t i v , - : -  t han  d i f f e r e n c e

~~ u - ’ ’ 1’ ~t .u~ t ax  :‘- . u ’ - -

- 

- s ~~- ’:: - u - (in , 1)

- i --u n u: :,. • - i  u - a l  5: u:  : u ; i ; ~ , formula !u:t: ,latQr s u l i  I 5~~- t corn.’ un to

i - . ’ ua r . t il  u i  dw tm - , for t i c - u :  1rt -: -- ;~~); nI arithmetic became widely avail—

.u - j .- . :5 . 5 , ,  one cou i - l d’’~ - l a : u -  .‘ vax u ,u t le  I , -  “
~~ ‘~~~ 

“ , and f c - x u n ’ t  the scaling ,

“ N , ,  wt i ‘h is !.‘t to !  u - I u ne tim tn,i -hlnt ’ or  assembly language for fixed —point

u~f l 4 u u ,~ t at  1 On;- , E 4 , -  - c i s c c-I • u , i St 1 in.. t e r ‘‘1 .t i c -no l ;  t~~ I ~
- we -n In t e r v a l  analysis

and 1” : ;v~~ iv”;- , one u , . ’ have i t t  ~‘, u i t  c- i  hardware for interva l arithmetic

be I ‘ :1 ~‘r -St i , u t  iOn i”. S  f ‘ w ar e  is  w i d e  iv  ac-eel ted

~
‘ i n t  I l y ,  t i - ’ :: ‘ - ,‘nt l i  eed at au tomat ic  di f t ” r e n t  I at .or s , as a l l  huma n 

-Lu  is , -ufl he in; z-oved. ;-~r. ‘‘°t’li t , th is — ; , ‘ - i n ; u -  to I-. ’  a task which  is too

t x -  ‘ic o n . ’ . i i u - a l ,t r . u i  - - t o and too mundane for t~ mputer scientists. How—

‘‘vet , a:. ,. ‘; ‘ n f ’ irn -, u ; -  : _ u :uu.l j ’ - , an’’ - ui; ,‘Xj  c u t  improvements to come wit .h

use u: -! - -o it 1 - 1  ‘.: th ,tct ’.’t fl u ’ ’ - S i n  tuoi dw,i~ ‘- an,t computer 5-: .~‘n& ’c’ -

~~~ t’F’t!I.. n-: c
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